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Abstract—In this paper, we discuss respectively the relationships
between the feasible sets of the Weak product, the Cartesian
product and the disjunctive product of uniform bi-hypergraphs
and the feasible sets of the factors.
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l. INTRODUCTION

A mixed hypergraph on a finite set X is a triple
H = (X,C,D), where C and D families of subsets of X,
called the C-edges and D-edges, respectively. A bi-edge is an
edge which is both a C-edge and a D-edge. If C=D, then H is
called a bi-hypergraph. If each edge has r vertices, H is r-
uniform if each edge has r vertices. A sub-hypergraph
H = (X',C',D) of H=(X,C,D) is a spanning sub-
hypergraph if X' = X, and is a derived sub-hypergraph
of Hon X', denoted by H[X'], if C' = {C € C|C C X'}
and D' ={D e D|D C X'}.

Two mixed hypergraphs Hi = (X1,C1,D1) and
Ha = (X2,Ca, Do) are isomorphic if there exists a bijection
¢ from X to X5 that maps each C-edge of C; onto a C-edge
of Cy and maps each D-edge of D onto a D-edge of D2, and
vice versa. The bijection ¢ is called an isomorphism from H{
to ?{2.

A proper k-coloring of H is a mapping from X into a set
of k colors so that each C-edge has two vertices with a
Common color and each D-edge has two vertices with Distinct
colors. A strict k-coloring is a proper k-coloring using all of
the k colors, and a mixed hypergraph is k-colorable if it has a
strict k-coloring. A coloring of 7 may be viewed as a
partition of its vertex set, where the color classes are the sets
of vertices assigned to the same color, so a strict n-coloring
c={C1,Cs,...,Cy}of H means that C,Co,...,C,
are the n color classes under ¢. The set of all the values &
such that # has a strict k-coloring is called the feasible set of
‘H, denoted by F (). For each k € F(H), let ;. denote the
number of partitions of the vertex set. For a set S of positive
integers, we say that a mixed hypergraph H is a realization of
Sif F(H) = S. A mixed hypergraph H is a one-realizatio
of S'if it is a realization of S'and r;, = 1foreach k € S.
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When one considers the colorings of a mixed hypergraph, it
suffices to assume that each C-edge has at least three vertices.
The study of the colorings of mixed hypergraphs has made a
lot of progress since its inception ([6]). For more information,
we would like refer readers to [3, 5, 7, 8].

Perhaps the most intriguing phenomenon of colorings of
hypergraphs is that a mixed hypergraph can have gaps in its
chromatic spectrum. We know that the feasible set of a
classical hypergraph is an interval. Jiang et al.( [2]) proved
that, for any finite set S’ of integers greater than 1, there exists
a mixed hypergraph H such that 7(#) = .S, and Kral ([4])
strengthened this result by showing that prescribing any
positive integer 1y, there exists a mixed hypergraph which
has precisely 7. k-colorings for all & € 5. Recently, Bujtas
and Tuza ([1]) gave the necessary and sufficient condition for
a finite set S of natural numbers being the feasible set of an
r-uniform mixed hypergraph. Zhao et al.([9] ) proved that any
vector R =(0,7r2,...,m,) with n>2 and », >0 ,
i =2,...,n is the chromatic spectrum of some 3-uniform
bi-hypergraph.

In this paper, we focus on the feasible sets of products of
uniform bi-hypergraphs with relation to the feasible sets of the
factors.

Il.  MAINRESULTS
For any positive integer n , let [n] denote the set
{1,2,...,n}.

We focus on the weak product, the Cartesian product and
the disjunctive product of uniform bi-hypergraphs,
respectively. We first discuss the feasible set of the weak
product

Definition 2.1 For any two 7 -uniform bi-hypergraphs
Hi = (V1, By)and Ho = (Va, By), the weak product of H
and H- is the r-uniform bi-hypergraph H; x Ha = (V, B),
where V =V x V5 and

{(z1,m1)s s (r,yr)} € B =
{.Tl, . ,.’ET-} € By, {yl, v ,yr} € Ba.
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Theorem 2.1 Let Hy = (Vi, By), Ha = (Va, Ba) be two
r-uniform bi-hypergraphs. Then

f('H] be Hz) 2 JT(H1) U .F(HQ)

Proof For any t & F(H1) and any strict ¢-coloring
c={C,Cy,...,C4} of Hq, write

Cl={(z,y) |z € CiycVa},i=12,....t and
d={C},C%,...,Cl}.

Note that for any B = {(z1,y1),...,(zr,y-)} €8,
By ={x1,...,x.} € By. Hence, there are two vertices, say
zi,z;, such that ¢(x;) = c(x;), and two vertices, say
T, T, SUCh that c(zy) # ¢(ay,). Then

(i, yi) = ¢ (x5, 95)) and
(g, ) # < ((2m, ym)), which implies that ¢ is a strict
t -coloring of H;xHs . It follows that
F(Hy) € F(Hy x He) . Similarly, we may have that
F(Ha) € F(H1 x Haz). Thus, the desired result follows.

The following result shows that the equality holds for
some uniform bi-hypergraphs. We first construct the desired
hypergraphs as follows.

Forany set S = {nj,ns,...,ns} of positive integers
with s > 2 and min(S) > 2, let
Xnyoms = @1, .., 28) | 25 € [ng], 7 € [s]} and
'm ..... g *{{(El xs):(yla-- ?}s) ( «---:Z.s)} | .

|{a“J,ftj;,,Zj}| =2j¢€ H}

Bm _n, ) is a 3-uniform bi-hypergraph,
.. Moreover, we have the following result.

.....

aaaaaa

Lemma 2.2 ([9]) LetS = {ni,na,...,n,} beasetof
positive integers with s > 2 and min(.S) 2 2. Then

F(Huy o) = {n1,n2, ..., ng}.
Theorem 2.3 Let

S1={n1,...,ng}, S2 = {my,....n;} betwo sets of
integers with s,¢ > 2, and min(S;), min(S3) > 2. Then
there are two 3-uniform bi-hypergraphs, say 1 and Hs, such
that

.F('H]) = Sl,}-('Hg) = Sgand
F(Hy x Ha) = 51U Sa.

Proof By Lemma 2.2, we have that
f(H-nl ..... Ns ) = Sl: I(Hml,“.,m;,)
(Hm, Mgy 1T ey mL) = Sl U 52-

= S5 and

Let
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.é : Xﬂll,... — Xﬂ,l,..

s X Xml,,..mt Mg T ..., T

) (yl ayf}) — (mlr"'1rﬁsy11"'1y5)'
Then, itis not difficult to notice that ¢ is an isomorphism
from Hy x Hato Hp, ... .ns,ma,....,m.. Which follows that

F(H1 x Ha) = S1U S,
Next, we focus on the Cartesian product of bi-hypergraphs.

Definition 2.2 For any two r-uniform bi-hypergraphs
Hi = (X1,B1), Ha = (X2, B2), the Cartesian product of
“H1 and Hs is the r-uniform bi-hypergraph
H OH, = (X,B) with X = X7 x X9 and

{1, m),. ..

{z1,...,z.} € Byand y; = ---

(2, yr)} € B ifand only if
= Yy, O
{ylu'--ayr} EBQand r =

Theorem 2.4 Let H1 = (X1,B81), He =
two r-uniform bi-hypergraphs. Then

f(?‘f]D’HQ) - f(’Hl) ﬂf(%g)

Proof For any strict coloring ¢ = {C1,Ch, . ..
H1OHg and y € X, let
¢ X1 = Xix{y}
x = (z,y).

Then ¢ is an isomorphism from H; to (H10H2)[Y],
where Y = X x {y}. Note that is a strict k-coloring of, we
have that 7{1 is k-colorable. Hence, F(H1OHs2) C F(H1).
Similarly, we may get that F(HH2) C F(Hz2), which
implies that the desired result follows.

‘:Rfr-

(XQ,BQ) be

,Cr} of

Lastly, we discuss the feasible set of the disjunctive
product of bi-hypergraphs.

Definition2.3 For any two r-uniform bi-hypergraphs
Hi = (X1, B1), Ha = (X2, B2), the disjunctive product of
H1 and Hs is the r-uniform bi-hypergraph
Hi xHa = (X, B), where X = X; x X7 and

{(z1,91), ..., (2r,yr)} € Bifand only if

{1‘1, . ,CE-,-} € By, or {yl, R ,yr} € Bs.

Theorem 2.5 Let Hy = (X1, B1), Ha =
two r-uniform bi-hypergraphs. Then

F(Hy * Ha) € F(H1) N F(Ha).

Proof For any strict coloring ¢ = {C1,C5, ...
HixHoand y € Xo, let
¢ X3 — X1 x{y}
r = (z,y).
Then ¢ is an isomorphism from H; to (H1 = H2)[Y],
whereY = X x {y}. Note that

(X2, Bo) be

, Cr} of
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d={CiNY,ConY,...,C, NY}isastrict k-coloring

of (H1 * Ha2)[Y'], we have H is k-colorable. Thus

k € F(H1)and we further have F(Hq = Ha) C F(H1).

Similarly, F(H = Ha) € F(Hz). That follows that
F(H1 = Ha) C F(Hy) NF(Ha).

I1l.  CONCLUSIONS

In this paper, we discuss the feasible sets of several
products of uniform bi-hypergraphs with relation to the feasible
sets of the factors. Precisely, we prove that the feasible set of
the Cartesian product or the disjunctive product of two r-
uniform bi-hypergraphs is a subset of the intersection of the
feasible sets of the factors, and the feasible set of the weak
product of two r-uniform bi-hypergraphs contains the union of
the feasible sets of the factors.
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