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Abstract—Motivated by solving the problem proposed by Kral,
(Electronic J. Combin. 11#R19, 2004), we construct a family of
uniform C-hypergraphs whose chromatic spectrum is a linear
combination of the Stirling numbers of the second kind.
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l. INTRODUCTION

A mixed hypergraph on a finite set X is a triple
H =(X,C,D), where C and D are families of subsets of X .
The members of C and Dare called ¢ -edges and D -edges,
respectively. A mixed hypergraph with D=, denoted by
H =(X,C), is called a C -hypergraph, and a hypergraph with
C =, denoted by H =(X,D), is called a D -hypergraph. A
mixed hypergraph is t -uniform if every edge contains t
vertices.

A proper k -coloring of a mixed hypergraph H is a
mapping from X into a set of k colors such that each C -edge
has two vertices with a Common color and each D -edge has
two vertices with Distinct colors. A coloring may also be
viewed as a partition (feasible partition) of X , where the color
classes (partition classes) are the sets of vertices assigned to the
same color. A strict k -coloring is a proper k -coloring with k
nonempty color classes, and a mixed hypergraph is k -
colorable if it has a strict k -coloring. The maximum (resp.
minimum) number of the colors in a strict coloring of
H =(X,C,D) is the upper chromatic number (resp. lower

chromatic number) of H, denoted by 7(H) (resp. y(H)).

The set of all the values k such that H has a strict k -
coloring is called the feasible set of H, denoted by F(H). For

each k, let r, denote the number of feasible partitions of the
vertex set. The vector R(H)=(r,1,,....1,) is called the
chromatic spectrum of H, where 7 is the upper chromatic

number of H . The study of the colorings of mixed hypergraphs
has made a lot of progress since its inception [5]. For more
information, see [4,6].
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It is readily seen that H is a C -hypergraph if and only if
le F(H) . Moreover, if ;0 , then r,=1. For the case
1¢ F(H), Jiang etal. [3] proved that for any finite set S of

integers greater than 1, there exists a mixed hypergraph H such
that F(H)=s. Kral [2] strengthened this result by showing that

prescribing any positive integer r , there exists a mixed
hypergraph which has precisely r,_strict k -colorings for all

keS. Bujtds and Tuza [1] gave the necessary and sufficient
condition for a finite set S of natural numbers being the
feasible set of an I -uniform mixed hypergraph. Zhao et al. [8]
proved that any vector R=(0,r,,...,r) With n>2 and

r>0,i=2,...,n can be the chromatic spectrum of some 3-

uniform bi-hypergraph. Kral [2] proposed the following
problem: What are necessary and sufficient conditions for a
vector R=(Lr,,...,r,) to be the chromatic spectrum of a C -

hypergraph?
Let s(n,k) be the Stirling number of the second kind, i.e.,

the number of ways to partition a set of n elements into k
nonempty subsets. Assume that H =(x,C) be a t-uniform

C -hypergraph and ¢ ={C,,C,,...,C,} astrict n-coloring of H.
Then for any t<k <n, we can get S(n,k) strict k -colorings of
H by union some color classes of ¢, i.e., r >S(nk). Inthis

sense, the n-dimensional vector with the k -th entry being
S(n,k) for t<k <n is a lower bound on the chromatic

spectrum of C -hypergraphs with upper chromatic number n.
Zhang et al. [7] proved that this lower bound can be attained
for 3-uniform C -hypergraphs. In this paper, we generalize it
to t-uniform C -hypergraphs and get the following results.
Theorem 1.1 Let n, >..->n, >t >3 be integers. Then for
any positive integers m,...,m_ and
t. =mS(n,k)+m,S(n,,k)+---+mS(n,,k), k=t,...,n,
there exists a t -uniform C -hypergraph H with upper
chromatic number n, and r =t _foreach k e{t,...,n},

where r, is the k -th entry of the chromatic spectrum of H .
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Theorem 1.2 For any integers n>t >3, there exists a t -
uniform C -hypergraph H satisfies that 7(H)=n and

R(H)=@r,,....r,,S,(n,t),...,S,(n,n)) -

Il. PROOF OF THE THEOREMS
For any positive integer n, let[n] denote the set {1,...,n} .
We first give the basic construction of t -uniform C -
hypergraphs. For integers s>2 and n, >n,>--->n >t, let
Xo o =A% Xl %, €[] [T
Coon ={{a,...all o e Xo noi€ltl;
{e),.. o }<t-1 jelsT},

H, . =(X

Nyl Nl 'Cnl,...,ns)

where ¢ isthe j-th component of ¢, .

Note that for any ie[s], ¢f ={X
n, -coloring of Hy o\ , Where

S X-S

o X X0 3 is a strict
X =L Xigs s X0 %) I % €N Lk e[sI\{i}}, jeln].
Moreover, for any k >t, we can get S(n, k) strict k -colorings
of Hnl,u.,ns
S(n,, k) +---+S(n,,k) strict k -colorings. In the following, we
shall prove that Hy o has no other strict k -colorings, that is

to say, r, =S(n, k) +---+S(n, k) forevery t<k<n,.

from cis Hence, H, . has at least

's

Let keft,...,n}, ie[s]and c={C,...,C,} be one of
the S(n, k) strict k -colorings  of Hy o
Note that for each je[n], there exists an integer in [k], say
I such that X; gcll . It suffices to prove that for any strict

getting from ¢’ .

k -coloring ¢ ={C,,...,C,} of Hy o\ , there exists an i [s]
such that |c(X ;) [=1 holds for each je[n].

Lemma 2.1 Let c={C,,...,C,} be astrict k -coloring of
H, ., With k>t. For each ie[s], if [c(X})|=1 for some
j eln ], then for each he[n], |c(X;) =1.

Proof Without loss of generality, suppose X3 < C,.

We claim that for each j e[n,]\{1}, there exists an integer
in [k]\{1}, say I such that X3, gcluclj . Suppose for a
contradiction that X;NC, =2 and X NC, %D for some
jenI\{} and p,qe[k]\{ with p = q. Without loss of
generality, suppose p=2,q=3.Pick (j,i,,...,i;)eC,,
(js Jpr--r Js) €C, @Nd ¢, e, foreach he{4,...,t}. Note that
Li,,...,i.) e C,. Then
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{@iy, i), (Gl 1) (I Jprees Js ) @y}
is an edge and is polychromatic, a contradiction. Hence, our
claim is valid.

Suppose X;, =C,uC, and X3 NC, =@, X5, NC, =2 for
some ae[n]\{1} and p e[k]\{L}. Without loss of generality,
suppose p =2 and pick (a,i,,...,i;) €C,, (&, j,,..., j;) €C, -
Note that k >t . Assume that X3, < C, UG, and X5 NCy =D
where g e[n]\{L,a}. Pick ¢, eC,,h=4,....t.If
(Q,i,...,i;) € C,, then the edge

{(@iy,..00), (@, Jyyeees J )i (A ennsi) gy}
is polychromatic, a contradiction; or the edge

{{CHETER DA CHY PR D A G ) YRR B A
is polychromatic if (q, j,,..., j,) € C,, also a contradiction.

Hence, (q,i,,...,i.), (0, j,,-.--, J;) €C,- Pick (q,k,,...,k.) € C;-
Note that = (a,k,,...,k,) € C, uC,. Then the edge
{(a,iy,...,i,).(Q,k,,....k), B.a,,...,o.}

is polychromatic if e C,; or the edge
{(@& iy, J5), (@, Ky k), By}
is polychromatic if g <cC,, a contradiction. Therefore, for each
he[n], |C(X;)|=1, as desired.
In the following, we shall prove that under any strict
coloring of H, . with at least t colors, there exists a X;
which is contained in one color class.

Lemma2.2 Let c={C,,C,,...,C,} be astrict k -coloring
of Hoon with k >t. Then there exist integers i [s] and

jeln]suchthat |c(X;) =1

Proof We prove it by inductionon S. Let s =2. Suppose
for a contradiction that there exist i e[n,] and je[n,] such
that X2UC, and X2 Uc, for every | e[k]. Without loss of
generality, suppose i = j=1, (1,1)eC,,(1,2)C,, (,1) C,.
Pick o, €C,,3<h<t-1.Since {(1,2),(1,2),(a,1), ..., ,}

is an edge, (a,1)eC,u---UC,,.Pick (p,q)eC,. Assume
that (a,1) € C,. Thensince {(1,1),(p,q), 1 q), &,-.., ,}
and {(1,2),(a,2),(%,q), @, ..., a, .} are edges, one gets that
(L, g)eC, forsome he[t-1]\{2}. If h=1, then the edge

{1 9),®2),(p,q), ..., a,,} is polychromatic; ifh =1 , then
the edge {(1,1), (L, 2), (P, A), ;- %y 4y (1,Q), Xy gy o} 18
polychromatic, a contradiction. Assume that (a,1) < C, for
some he{3,...,t—1}. Then the edge

{1, 12),0,...,, 1, (1), &gy @, (P, Q)Y IS
polychromatic, a contradiction. It follows that the conclusion
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is true for the case of s=2. Assume that the conclusion is
also true for the case of s—1.

Let X' ={(X,, Xy Xs. Xer--X,)| X, €[], j [s]\{3}- Then

g X' X, o (%%, X000 X) 2 (X000, X)

is an isomorphism from H' = H, .[X1] toH

LN

Note that the restriction of any strict coloring of H, ., on
X" corresponds to a strict k -coloring of H . We focus on

the colors of the vertices of X ' and get the following three
possible cases.

Case 1 k=1

Thatistosay x’'cC, for some he[k].Without loss of
generality, suppose X'cC,.Pick ¢, =(aq,,...,a,) eC, for
each j <[t]\{1}. If there exist two distinct integers in [t]\{1},
say p, (,suchthat a =a,, then
{(ay, 85,84, ...,a,), ;| 1 e[t]\{1}} is an edge and is
polychromatic, a contradiction. Hence, a , = a,, if p=q. For
each je[t]\{4,2}, from the edge
{(ay, 84, 35,), (80, By, Bsgy -, By ), ] 1 €[]\LL, 33
we have (a,,,a,,,..., 8 ) & CJ. . Then from the edge
{(ay,8s,..-, 85 ), 4| i €[t]\{L}}, we have
(8y,84,...,85) €C, . Foreach o =(a,, x,,...,
from the edge

{o (B B0+ 85,), (B g By, -0 850) 5 1€ [1ML 2, [}
we have g ¢, forall je[t]\{1,2}, then « <C, since

{a,(a,,8,),...,8), & i €[t]\{L,2}} is an edge. Therefore,
X: <C,,as desired.

X,) € X

lay, '

Case2 2<k <t-1.

Without loss of generality, suppose x'cC, u---uC, ,
X'nC, =@ forall ie[k]. Pick ¢, =(a,,a,,a,,...,a,) €C;,
i =1l"'!kll and ﬁj :(bjl,...,bjs)ecjl j =kl+l,...,t- Then
(bj2,05,b55,...,b,) eC,U---UC, forall je[tI\[k]-

Case 2.1 (b,,b,,b,,....b,)eC,. If a,, :bq1 for some

pelk]\{} and qe[t]\[k,]. then
{(b. by s, b) o, Byl T eI ID, j [t\[k]} is an

edge and is polychromatic, a contradiction. Hence,
a, by, forall ie[k]\{} and je[t\[k]-

For each p e[k ]\{2}, since
{(a. b, B) 0, By T [k 1\{p}, J €[t]\[K,]} is an edge,
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(8.1,,....1y,) £C,; and for each g e[t—1]\[k,], from the

edge {(a,, by, be) e, B T e[k ], j efk +1..., @}
we get that (a,,,b,,,...,b,) ¢ C,- Then the edges
{(a227b[2""'bt5)1(bt21b!2’bt3""’bts)lailﬁj| te[k D jelt-1\[k]}
and {(a,, by, bs). @, By 1 €[]}, J e[tV [k T} imply

that (a,,,b,,...,b,) €C,. Pick n =(a,, x,,...,x,) € X;, . Since
{7,302, 0511, (B2 Dy g, D), B T €[k IV 2, p} j e[tV K}
isan edge, (a,,h,,....n)¢C, forall pe[k]\{L2}; since
{1,305, .0,), (0,10, b, BG), @, B T e[k IML 2} j ek +1. B\ {q)}
isan edge, 7 ¢C, foreach qe[t]\[k]. Then the edge
{1,285, 8,) @, Byl T e[k I\{L 2}, j e[\ [k, ]}

implies that » € C, . Therefore, X <C,,as desired.

Case 2.2 (b,,b,,by.....b) C, forsome helk]\{}. If
a,, =h,, forsome pe[k]\{h} and qe[t]\[k], then
{(b. ;. b, ) e, Bl T e[k 1N}, e[t \[k,]} is an edge
and is polychromatic. Hence, a,, # b, forall i <[k ]\{n} and
jelth\[k]-

Foreach p e[k, ]\{1 h}, since
{(az.h,.....0). e | T e[k 1P}, j €[tI\[k, ]} is an edge,
(a,.b,,...,0y) ng; foreach qe{k, +1,...,t -1}, from the
edge {(a12’bt2""’bts)’ai'ﬂj| ielk] jefk +1....00\{a}}
we get (ay,,b,,...,b) eC,- Then the edges
{(a, ..., Bs), (B2, 00, b5 bts)’ai’ﬁjl i e[k I\{h}, jelt-1\[k]I}
and {(a,,,h,.....b). @, Byl T [k 1\{h}, j €[tI\ [k I} imply
that (a,,,b,,....b,) €C,. Pick 7=(a,,%,,...,x) € X;, -
Since
1. (. b5, 05), (BB By, D), e, Bl T e[ b, ),
jelt]\[k]} isanedge, (a,,a,,...,a,) ¢C, foreach
p e[k ]\{Lh}; and from the edge
{771(a12’th""'bts)v(th’th'bt3""’bts)vai!ﬁj| i e[k ]\{Lh},
jeltI\[k,], j#d}, we getthat , « C_ foreach qe[t]\[k,]-
Then the edge
{ﬂ'(a12’bbt2"“'bts)’ai'ﬂj| i e[k ]J\{Lh}, j e[tI\[k,1}

implies that € C, . Therefore, X < C,, as desired.

Case3 t<k <k.

By induction, it is true for H[x’]. That is to say, there exists
an i e[s]\{1} such that for each je[n], x ¢, forsome
b= i

I, e[k,]. where X, =X'nX;

Case 3.1 i=2.
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Without loss of generality, suppose ij' cC,j=1...t.
Foreach je[t]\{} and (1, j,x,,...,x.) e Xoon since
{@ j, X5, %), (i1, %5, Xl T €[t1\{p}}, p e[t]\{L, j} are
edges, one has (1, j, x,,...,X,) €C, uC;. Similarly, we have
(i,j,xs,._.,xs)eciucj forany i, j €[t] and
(1, %, 0 X) e X,,

Assume that (1,2,1,...,1) e C, - From the edge
{1,21,...D,0L31....0),G,i1...D i [t]\{,3}} , we get
(1,31...,1)eC,.Pick n=(1 X,,...,X,) € X;,- From the edges
O.021,...0,2.21,...0,6,i,1... 0l i e[t]\{L 2 p}}, p e[t]\{L 23

{7@31...1),331...0,6,i,%...0 i e[t1\{1,3,g}}, q e[t11\{L.3},
we have 7, e C,, which implies that X < C,.

Assume that (1,2,1,...,1) € C,. Then we may similarly get
that X3, = C,, as desired.
Case 3.2 ie[s]\{1,2}.

N

Suppose i =3 and X, cC,i=1...t. Pick
17=(%, %L, %,,...,%) € X5, - Then p ¢ C, foreach je[t]\{5},
since {77, (Xy, Xy, 0, Xg, -, X)) 1 €[t]\{j}} is an edge. From
the edge {r, (X, X,, i, X,,..., X,)| i e[t—1]}, we have 5 e C,,
which implies that X <G,

Combining Lemmas 2.1 and 2.2, we get the following
result.

Theorem 2.3 Let s>2 and n >--->n >t be integers.
Then
@D Z(H, )=n;

2 r =iS(ni.k) for t <k <n,, where I, isthe k-th
i=1

entry of the chromatic spectrum of H, o

ils

In the following, we give the proof of Theorems 1.1 and
1.2.

Proof of Theorem 1.1 Let
(O,....q) =(N,....n,,...n,...,n) ad H=H_ . Fromthe

rnl mS
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above discussion, we get that 7(H)=n, and
r, =msS(n,k)+m,S(n,,k)+---+mS(n,k),k =t,...,n,, where
r, is the k -th entry of the chromatic spectrum of H . It

follows that H is a desired C -hypergraph. The proof of
Theorem 1.1 is completed.

Proof of Theorem 1.2 For integer n at least three, let
X=X, C={{®1),@2),...,@1)}}C=C,, uC and
H =(X,C). Notethat 14 is a spanning sub-hypergraph of
H and ¢’ is astrict n-coloring of H . But the edge
{@03),...,@,t)} is polychromatic under c’. Hence, ¢Z is nota
strict coloring of H. Therefore, forany k>t, H has s(n,k)
strict k -colorings getting from ¢?. It follows that H is a t-

uniform C -hypergraph with upper chromatic number n and
r. =S(n,k) forany t<k<n, as desired.
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